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A unique method to evaluate the general integral
∫ ∞
0
sin
a
px cos
c
qx
x
b dx
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Abstract: All integrals available in literature and books, that are related to Sinc
(
≡ sin x
x
)
function [3],
are special cases of the general form of the integral given in the title. The evaluation of the integral is
divided into two cases (i) a and b of same parity, which is easier to evaluate and (ii) a and b of different
parity, a difficult case. Amazingly and may be for the first time, a divergent integral is used in evaluating
this difficult case with the help of a simple but a special combinatorial expression. The combinatorial
identity is derived from the power reduction formula of the sines and cosines. The method adopted in
this paper is unique and makes it relatively easy to evaluate this integral.
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Introduction: Some special cases of these integrals are classical. They have applications in
signal processing, information theory and numerical analysis. In Mathematics they appear in the
topic of Fourier Transforms(FT) and in Physics, in the study of diffraction of light by objects,
called Fraunhofer diffraction(FD) [4]. The FD is given by the FT of the object. For example
the FD of a rectangular aperture (described by rectangular function), is proportional to the Sinc
function. If we use the well known Parseval’s Theorem or Rayleigh’s Identity (in Physics it is
a consequence of Law of conservation of energy) we can evaluate,
∫∞
0
sin2 x
x2
dx = pi2 , which can
be integrated by parts to get
∫∞
0
sinx
x
dx = pi2 . If the object is a triangular aperture, then FD
is proportional to Sinc2, which can be used to evaluate,
∫∞
0
sin4 x
x4
dx = pi3 and an integration by
parts will give
∫∞
0
sin3 x
x3
dx = 3pi8 .
The analytic form of the integral for any integer a, b with p = 1, c = 0, attributed to Prof.
Wolstenholme, is discussed, in a classic book by Joseph Edwards [5] and the expression for
the same case can also be found in [6]. The result for the case a = b with p = 1, c = 0 is
derived in an innovative way in [1]. The analytic expression for the special case a = b = m with
c = p = 1, q = b, is seen in [2]. Since, analytic forms for only special cases are available in
literature, the motivation is to find a form for a general integral.
For integers a, b, c, p, q such that a ≥ b ≥ 2, c ≥ 0, define,
Ipqabc ≡
[
Sign(p)
]a ∫ ∞
0
sina |p|x cosc |q|x
xb
dx and d(x)iac ≡
di
dxi
[sina px cosc qx] .
We know I10ab0 converges. We have I
p0
ab0 = p
b−1I10ab0 and |I
pq
abc| ≤ |I
p0
ab0|. So I
pq
abc converges.
Neglecting the sign of p temporarily, there is no loss of generality if p, q ≥ 0. Integrating by
parts, the RHS of Ipqabc, h times, such that 1 ≤ h ≤ (b− 1), we get,
Ipq
abc
= −
h−1∑
i=0
[
(b− i− 2)! d(x)iac
(b− 1)! xb−i−1
]∞
0
+
(b− h− 1)!
(b− 1)!
∫ ∞
0
d(x)hac
dx
xb−h
. (1)
The first part of eq(1) will have a term
[
sin px
x
]b−i−1
[sin px]a−b+1, since [sin px]a−i is a factor of
d(x)iac. This term is zero at x = 0 and x = ∞, since (b − i − 1) ≥ 1, (a − b + 1) ≥ 1 and
1
| sin px| ≤ 1. So eq(1) reduces to,
Ipqabc =
(b− h− 1)!
(b− 1)!
∫ ∞
0
d(x)hac
dx
xb−h
. (2)
Let s ≡ a(mod 2) and t ≡ c(mod 2). Introducing integers p, q in the trigonometric power-
reduction formula, we get,
sina px =
(1− s)
2a
(
a
a
2
)
+
2
2a
⌊a−12 ⌋∑
i=0
(−1)⌊
a
2⌋−i
(
a
i
)
[s sin(a− 2i)px+ (1− s) cos(a− 2i)px] , (3)
cosc qx =
(1− t)
2c
(
c
c
2
)
+
2
2c
⌊c−12 ⌋∑
i=0
(
c
i
)
cos(c− 2i)qx, (4)
where for any real y, ⌊y⌋ is the largest integer not greater than y. Though eq(3) is not valid for
a = p = 0, since a ≥ 2, we can use it. Let a and h are of opposite parity, using eq(3) and eq(4),
along with the trigonometric product-to-sum identities, we get,
d(x)hac=
(−1)⌊
h+1
2 ⌋
2a+c−1
{
(−1)⌊
a
2⌋
[
(1− t)
(
c
c
2
)⌊a−12 ⌋∑
i=0
(−1)i
(
a
i
)
[(a− 2i)p]h sin(a− 2i)px+
⌊a−1
2
⌋∑
i=0
⌊c−1
2
⌋∑
j=0
(−1)i
(
a
i
)(
c
j
)(
[(a− 2i)p + (c− 2j)q]h sin[(a− 2i)p + (c− 2j)q]x + [(a− 2i)p − (c− 2j)q]h
sin[(a− 2i)p − (c− 2j)q]x
) ]
+(1− s)
(
a
a
2
)⌊c−12 ⌋∑
i=0
(
c
i
)
[(c− 2i)q]h sin(c− 2i)qx
}
. (5)
Similarly when a and h are of same parity, we have,
d(x)hac=
(−1)⌊
h
2⌋
2a+c−1
{
(−1)⌊
a
2⌋
[
(1− t)
(
c
c
2
)⌊a−12 ⌋∑
i=0
(−1)i
(
a
i
)
[(a− 2i)p]h cos(a− 2i)px+
⌊a−12 ⌋∑
i=0
⌊c−12 ⌋∑
j=0
(−1)i
(
a
i
)(
c
j
)(
[(a− 2i)p + (c− 2j)q]h cos[(a− 2i)p + (c− 2j)q]x + [(a− 2i)p − (c− 2j)q]h
cos[(a− 2i)p − (c− 2j)q]x
) ]
+(1− s)
(
a
a
2
)⌊c−12 ⌋∑
i=0
(
c
i
)
[(c − 2i)q]h cos(c− 2i)qx
}
. (6)
Using eq(6) we will now derive a general and a special combinatorial identity. Since d(x)hac
contains the factor [sin px]a−h with (a − h) ≥ 2, from eq(6) d(x)hac
∣∣
x=pi
= 0, so we get a general
combinatorial identity,
d(pi)hac =(−1)
⌊a2⌋+ap
[
(1− t)
(
c
c
2
)⌊a−12 ⌋∑
i=0
(−1)i
(
a
i
)
[(a− 2i)p]h+(−1)cq
⌊a−12 ⌋∑
i=0
⌊c−12 ⌋∑
j=0
(−1)i
(
a
i
)(
c
j
)(
[(a− 2i)p
+ (c− 2j)q]h+[(a− 2i)p − (c− 2j)q]h
)]
+(1− s)(−1)cq
(
a
a
2
)⌊c−12 ⌋∑
i=0
(
c
i
)
[(c− 2i)q]h=0. (7)
2
There will be four cases for eq(7). (i)a-even, c-even, we have, (−1)ap = (−1)cq = 1. (ii)a-even,
c-odd, the first term is zero, (−1)ap = 1 and the expression is independent of (−1)cq. (iii)a-odd,
c-even, the last term is zero, (−1)cq = 1 and the expression is independent of (−1)ap. (iv)a-odd,
c-odd, the first and last term is zero, and the expression is independent of (−1)ap+cq. We later
require the combinatorial expression with h = b− 1. So when we put h = b− 1 we see that, in
eq(7), a and b will be of opposite parity and after accounting for the four cases discussed
above we get the special combinatorial identity, which will be used below in Case-1,
d(pi)b−1ac =(−1)
⌊a2⌋
[
(1− t)
(
c
c
2
)⌊a−12 ⌋∑
i=0
(−1)i
(
a
i
)
[(a− 2i)p]b−1+
⌊a−12 ⌋∑
i=0
⌊c−12 ⌋∑
j=0
(−1)i
(
a
i
)(
c
j
)(
[(a− 2i)p
+(c− 2j)q]b−1+[(a− 2i)p − (c− 2j)q]b−1
)]
+(1− s)
(
a
a
2
)⌊c−12 ⌋∑
i=0
(
c
i
)
[(c− 2i)q]b−1=0. (8)
Case-1: a > b with opposite parity, and c ≥ 0
We require the following, logarithmically divergent, integral. Let l be an integer then,
∫ ∞
0
sin lx
x2
dx =
∫ ∞
0
sin lx
[∫ ∞
0
(∫ ∞
v
e−ux du
)
dv
]
dx =
∫ ∞
0
(∫ ∞
v
(∫ ∞
0
e−uxsin lx dx
)
du
)
dv
=
[
v
(pi
2
− tan−1
v
l
)
+
l
2
ln
(
v2 + l2
)]∞
0
= l
(
1 + lim
v→∞
ln v − ln
[
|l|+ δ|l|0
])
, (9)
where δ|l|0 is added for the case l = 0.
Substituting eq(5) with h = b− 2 in eq(2) we get,
Ipqabc=
(−1)⌊
b−1
2 ⌋
2a+c−1(b− 1)!
{
(−1)⌊
a
2⌋
[
(1− t)
(
c
c
2
)⌊a−12 ⌋∑
i=0
(−1)i
(
a
i
)
[(a− 2i)p]b−2
∫ ∞
0
sin(a− 2i)px
x2
dx
+
⌊a−12 ⌋∑
i=0
⌊c−12 ⌋∑
j=0
(−1)i
(
a
i
)(
c
j
)(
[(a− 2i)p + (c− 2j)q]b−2
∫ ∞
0
sin[(a− 2i)p + (c− 2j)q]x
x2
dx
+[(a− 2i)p − (c− 2j)q]b−2
∫ ∞
0
sin[(a− 2i)p − (c− 2j)q]x
x2
dx
) ]
+(1− s)
(
a
a
2
)⌊c−12 ⌋∑
i=0
(
c
i
)
[(c− 2i)q]b−2
∫ ∞
0
sin(c− 2i)qx
x2
dx
}
.
Since p, q are positive, in the above equation the coefficients of the Sine functions are positive,
except (a− 2i)p − (c − 2j)q, which may take zero or negative values. The positive coefficients
are zero only when p and/or q are zero. Substituting eq(9) in the above equation we get,
Ipq
abc
=
(−1)⌊
b−1
2 ⌋
2a+c−1(b− 1)!
{
(−1)⌊
a
2⌋
[
(1− t)
(
c
c
2
)⌊a−12 ⌋∑
i=0
(−1)i
(
a
i
)
[(a− 2i)p]b−1
(
1 + lim
v→∞
ln v
3
− ln [(a− 2i)p + δp0]
)
+
⌊a−12 ⌋∑
i=0
⌊c−12 ⌋∑
j=0
(−1)i
(
a
i
)(
c
j
)[
[(a− 2i)p + (c− 2j)q]b−1
(
1 + lim
v→∞
ln v − ln [(a− 2i)p + (c− 2j)q + δp0δq0]
)
+ [(a− 2i)p − (c− 2j)q]b−1(
1 + lim
v→∞
ln v − ln
[
|(a− 2i)p − (c− 2j)q| + δ|(a−2i)p−(c−2j)q|0
]) ] ]
+(1− s)
(
a
a
2
)
⌊c−12 ⌋∑
i=0
(
c
i
)
[(c− 2i)q]b−1
(
1 + lim
v→∞
ln v − ln [(c− 2i)q + δq0]
) }
,
which can be rewritten using eq(8) as
Ipqabc=
(−1)⌊
b−1
2 ⌋
2a+c−1(b− 1)!
{(
1 + lim
v→∞
ln v
)
d(pi)b−1ac − (−1)
⌊a2⌋
[
(1− t)
(
c
c
2
)⌊a−12 ⌋∑
i=0
(−1)i
(
a
i
)
[(a− 2i)p]b−1
ln [(a− 2i)p + δp0] +
⌊a−12 ⌋∑
i=0
⌊c−12 ⌋∑
j=0
(−1)i
(
a
i
)(
c
j
)(
[(a− 2i)p + (c− 2j)q]b−1 ln [(a− 2i)p
+(c− 2j)q + δp0δq0] + [(a− 2i)p − (c− 2j)q]
b−1 ln [|(a− 2i)p − (c− 2j)q|
+δ|(a−2i)p−(c−2j)q|0
] ) ]
−(1− s)
(
a
a
2
) ⌊c−12 ⌋∑
i=0
(
c
i
)
[(c− 2i)q]b−1 ln [(c− 2i)q + δq0]
}
.
Again from eq(8) d(pi)b−1ac = 0, so for Case-1:, with the sign of p, the above equation becomes,
Ipqabc =
[Sign(p)]a (−1)⌊
b+1
2 ⌋
2a+c−1(b− 1)!
{
(1− t)(−1)⌊
a
2⌋
(
c
c
2
) ⌊a−12 ⌋∑
i=0
(−1)i
(
a
i
)
[(a− 2i)p]b−1 ln[(a− 2i)p + δp0]
+(−1)⌊
a
2⌋
⌊a−12 ⌋∑
i=0
⌊c−12 ⌋∑
j=0
(−1)i
(
a
i
)(
c
j
)(
[(a− 2i)p + (c− 2j)q]b−1 ln[(a− 2i)p
+(c− 2j)q + δp0δq0] + [(a− 2i)p − (c− 2j)q]
b−1 ln [ |(a− 2i)p − (c− 2j)q|
+δ|(a−2i)p−(c−2j)q|0 ]
)
+(1− s)
(
a
a
2
)⌊c−12 ⌋∑
i=0
(
c
i
)
[(c− 2i)q]b−1ln[(c− 2i)q + δq0]
}
. (10)
Case-2: a ≥ b with same parity, and c ≥ 0
We will evaluate the following integral. Let k be an integer,∫ ∞
0
sin kx
x
dx =
∫ ∞
0
sin kx
(∫ ∞
0
e−ux du
)
dx =
∫ ∞
0
(∫ ∞
0
e−ux sin kx dx
)
du,
=
[
tan−1
(u
k
)]∞
0
= Sign(k)(1− δ|k|0)
pi
2
, (11)
where δ|k|0 is introduced for the case k = 0.
4
With h = b− 1, substituting eq(5) in eq(2) we get,
Ipqabc=
(−1)⌊
b
2⌋
2a+c−1(b− 1)!
{
(−1)⌊
a
2⌋
[
(1− t)
(
c
c
2
)⌊a−12 ⌋∑
i=0
(−1)i
(
a
i
)
[(a− 2i)p]b−1
∫ ∞
0
sin(a− 2i)px
x
dx
+
⌊a−12 ⌋∑
i=0
⌊c−12 ⌋∑
j=0
(−1)i
(
a
i
)(
c
j
)(
[(a− 2i)p + (c− 2j)q]b−1
∫ ∞
0
sin[(a− 2i)p + (c− 2j)q]x
x
dx
+[(a− 2i)p − (c− 2j)q]b−1
∫ ∞
0
sin[(a− 2i)p − (a− 2j)q]x
x
dx
) ]
+(1− s)
(
a
a
2
)⌊c−12 ⌋∑
i=0
(
c
i
)
[(c− 2i)q]b−1
∫ ∞
0
sin(c− 2i)qx
x
dx
}
,
which after using eq(11), with the sign of p, becomes,
Ipqabc =
[Sign(p)]a (−1)⌊
b
2⌋pi
2a+c(b− 1)!
{
(1− t)(−1)⌊
a
2⌋
(
c
c
2
) ⌊a−12 ⌋∑
i=0
(−1)i
(
a
i
)
[(a− 2i)p]b−1 + (−1)⌊
a
2⌋
⌊a−1
2
⌋∑
i=0
⌊c−12 ⌋∑
j=0
(−1)i
(
a
i
)(
c
j
)(
[(a− 2i)p + (c− 2j)q]b−1 + Sign
(
(a− 2i)p − (c− 2j)q
)
[(a− 2i)p − (c− 2j)q]b−1
)
+ (1− s)
(
a
a
2
) ⌊c−12 ⌋∑
j=0
(
c
j
)
[(c− 2j)q]b−1
}
. (12)
Eq(10) and eq(12) gives the complete analytic form of Ipq
abc
.
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